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Abstract. In this paper we show irreducibihty and the strong Feller property for tran- 
sitfon probabilities of stochastic differential equations with jumps and monotone coeffi- 
cients. Thus, exponential ergodicity and the spectral gap for the corresponding transition 
semigroups are obtained. 



1. Introduction 



^' 

-4— » ^ 

■ Let {fl,J-',P; {J^tjt^o) be a complete filtered probability space, and (U,W, i/) a a-finite 

measurable space. Let {W{t)}t^Q be a dimensional standard J-'^adapted Brownian 
motion, and {kt,t ^ 0} a stationary /"^-adapted Poisson point process with values in U 
and with characteristic measure z/(cf. [5]). Let A''fc((0, t], dw) be the counting measure of 
/ct, i.e., for A e W 

C^; Arfc((0,t],v4) := #{0 < s : A;, G A}, 

CN \ where # denotes the cardinality of a set. The compensator measure of Nk is given by 

O: iVfc((0,t],du) := Ar,,((0,t],dM)-tz/(du). 



In the following, we fix a Uq G W such that z/(U — Uq) < cxd, and consider the following 
stochastic differential equation (SDE) with jumps in R'^: 



Xt = Xo + [ b{Xs)ds+ [ a{X.,)dW,+ [ [ f{X,.,u)Nk{dsdu), (1) 

Jo Jo Jo JVo 

where b : and / : M*^ X U — )■ M*^ are measurable functions. Here, 

the second integral of the right side in Eq.([T]) is taken in the Ito's sense, and the definition 
of the third integral is referred to [5]. When d = 1, Youngmff Kwon and Chaniio I. Ff in 
[7j showed that the transition semigroup of Eq.([T]) is strong Feller and irreducible under 
some smoothness and growth conditions on 6, a, f with nondegenerate diffusion term. If 
b, a, f are Lipschitz continuous, Masuda in [8] provided sets of conditions under which the 
transition semigroup of Eq.([T]) fulfils the ergodic theorem for any initial distribution. 

In this paper, we study the ergodicity of Eq.([T]) under some non-Lipschitz conditions. 
First of all, recall some notions about the ergodicity. Let {Xt{x),t ^ 0, a; G E} be a family 
of Markov processes with state space E being a Hausdorff topology space, and transition 



AMS Subject Classification(2000): 60H10, 60J75; 34A12. 

Keywords: SDEs with jumps, strong Feller property, irreducibihty, monotone property, ergodicity. 
*This work is supported by NSF(No. 11001051) of China. 

1 



probability Pi (x, i?). Then 

(i) pt is called irreducible if for each t > and x G E 

Pt{x, E) > for any non-empty open set C E ; 

(ii) Pt is called strong Feller if for each t > and E G i^(E) 

¥, 3 X Pt{x, E) G [0, 1] is continuous ; 

(iii) A measure fi on (E, i^(E)) is an invariant measure for pt if 

/ ptix, E)n{dx) = 12(E), yt>0,E e M{E). 
Je 

The transition probability pt{x, ■) determines a Markov semigroup {pt)t^o- The theorem 
below is a classical result combining the above concepts, (cf. |2]) 

Theorem 1.1. Assume a Makov semigroup {ptjt^o is irreducible and strong Feller. Then 
there exists at most one invariant measure for it. Moreover, if ^ is the invariant measure, 
then II is ergodic and equivalent to each pt{x, ■) and as t oo, pt{x, E) — )■ /i(-E') for any 
Borel set E. 

Next introduce our non-Lipschitz conditions. 
Hypotheses: 

(Hi) There exists Aq G M such that for all x, y G M'^ 

2(x - y,h{x) - h{y)) + \\a{x) - a(t/)f ^ Ao|x - y\^K{\x - y\), 
where k is a positive continuous function, bounded on [1, oo) and satisfying 

lim = < oo. 

xiO logX~^ 

Here the function k controls the continuity modulus of h{x) and (j{x) such that the 
modulus is non-Lipschitz, for example, k,{x) = Ci ■ (log(l/x) V K)^/^'^ for some (3i > 1 
and Ci,K> 0. 

(H2) There exists Ai > such that for all x G M'^ 

|6(x)p+||a(x)||H Ai(l + |x|)2. 
(H3) b is continuous and there exists A2 > such that 

{a{x)h, h) ^ v^|/ip, x,he W^. (2) 

Here (■, ■) denotes the inner product in M'^, | ■ | the length of a vector in M'^ and || ■ || the 
Hilbert-Schmit norm from to W^. 

When z/(Uo) = and 6, a satisfy the above assumptions and another assumption, Zhang 
[H] proved that the transition semigroup of Eq. ([1]) has the exponential ergodicity in the 
sense that there exists a constant /32 > such that for t > 0, 

where || ■ Wvar denotes the total variation of a signed measure and C2 > is a constant. 
Here we require i^(Uo) 7^ and follow the same lines as done in Thus how to treat 
the term with jumps is our key. 

Firstly, we make the following assumption on /: 
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(H/) 

\f{x,u) - f{y,u)\^u{du) < 2|Ao||x - y\'^K,{\x - y\) 
and for g = 2 and 4 

/ \f{x,u)\'^u{du)^\^il + \x\y. 

JVo 

Under (Hi), (H2) and (Hf), it is well known that there exists a unique strong solution 
to Eq.([T]) (cf. [121 Theorem 170, p. 140]). This solution will be denoted by Xt{xo). The 
transition semigroup associated with Xt{xo) is defined by 

pMxo) := E^{Xt{xo)), t > 0, B,{R''), 

where Bii{W^) stands for the Banach space of all bounded measurable functions on Mf^. 
The transition probability is given by 

ptixo, E) ■= {ptlE){x^) = P{Xt{xo) EE), Ee ^(M'^). 

By Girsanov's theorem on processes with jumps we get the irreducibility under (Hi)-(H3) 
and (Uf) (cf. Proposition [M]) ■ 

In order to get strong Feller property, we need the following stronger assumptions on 

(H'J There exists Aq G M such that for all x,y eR'^ 

2{x - y,b{x) - b{y)) + Wax^ix) - (yx^{y)f ^ Ao|a; - y'^K{\x - y\), 

where (y\^{x) is the unique symmetric nonnegative definite matrix- valued function such 
that a\^{x)o\Jyx) = (T{x)a{x) — A2/for the unit matrix /. 
(Hj) There exists a positive function L{u) satisfying 

sup L{u) ^ 7 < 1 and / L{u)'^ z/(du) < +00, 
ueVo Jvo 

such that for any x,y G R"' and m G Uq 

\f{x,u) - f{y,u)\ ^ L{u)\x-y\, 

and 

\f{0,u)\^Liu). 

Remark 1.2. To explain that (H'l) is stronger than (Hi), a matrix result is needed. And 
we will give a general result in Section 2. 

When b,a and / satisfy (H'^), (H2), (H3) and (H^), we obtain strong Feller property 
by the coupling method (cf. Proposition 12. 5p . 

Finally, to show the ergodicity, the following assumption is needed: 
(Hfo o-j) There exist a r ^ 2 and two constants A3 > 0, A4 ^ such that for all x G M'^ 

2{x,b{x)) + \\cj{x)f+ [ |/(x,u)|V(du) ^ -A3|xr + A4. 

We are now in a position to state our main result in the present paper. 
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Theorem 1.3. Assume (H'l), (ii2), (Us) ond (H^). Then the semigroup pt is irreducible 
and strong Feller. If in addition, (iib,a,f ) hold, then there exists a unique invariant prob- 
ability measure fi of pt having full support in Mf^ such that 

(i) if r 2 in (lib,crj ), then for all t > and Xq G M."^, fi is equivalent to pt{xo, ■) and 

lim Wptixo, ■) - fxWvar = 0. 
(a) if r > 2 in (Hb^crj), then for some q;,C3 > independent of Xq and t, 

\\pt{Xo, ■) - fl\\var ^ C's " e"°*. 

Moreover, for any 7 > 1 and each ip G L"'{W^,fi) 

Wptif - /i(¥5)||L7(Rd^^) ^ C4 ■ e"°*/^||^||i7(Kd,^), yt > 0, 

where a is the same as above, fi{ip) := f^^ ip{x)fi{dx) and C4 > is a constant depending 
on 7. In particular, let be the generator of pt in L'^ {W^ , fi) , then has a spectral gap 
(greater than a/'y) in L"'(W^,fi). 

The foUowing convention wiU be used throughout the paper: C with or without indices 
wiU denote different positive constants (depending on the indices) whose values may 
change from one place to another one. 

2. Proof of Theorem 11.31 

Lemma 2.1. Suppose A,B are two symmetric positive definite matrices satisfying that 
there exists a X > such that {Ah,h) ^ \/\\h\'^ , {Bh,h) ^ \f\\h\'^ for h G and 
AB = BA. Then 

\\A - B\\ ^ \\VA^ -XI- - AI||. (3) 

Proof. Set 

Ax := VA^ - XI, Bx := VB^ - XI 

To show ([3]), we consider the difference of \\A — and \\Ax — BxW^, i.e. 

WA-Bf-WAx-Bxf = ti{{A-Bf)-tii{Ax-Bxf) 

= tr(A2 - 2AB + 5^) - ti{Al - 2AxBx + Bf) 

= tr(A2 - 2AB + B^) - tr(A2 -XI- 2AxBx + B^ - XI} 

= ti{-2AB + 2XI+2AxBx) 

= 2[tT{AxBx)-tT{AB) + Xd], (4) 

where tr(-) stands for the trace of a matrix. 

By the proof of [5", Theorem 7.4.10, p. 433], one can obtain A = UMU* and B = 
UNU*, where U G M"'^'^ is real orthogonal, M = diagijji, . . . ,rid), N = diag{fii, . . . ,fid), 
and rji, fii are eigenvalues of A and B, respectively, and larger than \/X. Moreover, 
Ax = UMxU* and Bx = UNxU*, where Mx = diag{^Til - A, ... , ^fql^), Nx = 
diagi^/fij - A, . . . , a/zi^ - A). Thus, 

tT{AxBx) = tT{UMxU*UNxU*) = ti{UMxNxU*) = i/r/^ - A^/if - A. 

1=1 
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By the same deduction as the above one, we have tr^AB) = ^ rjifii. So, the right hand 

i=l 



d 

side of (jl]) can be written as 2 ^ {V''li ~ ^\/ ~ ^ ~ ^^iV'i ~ '^))- 

j=i 

Noting that 



Vil^i -ViX- XfXi + X - r]. /i. + 2XriiiXi - X 
-X{r],-fi,Yf^O, 



we get ^/r]f - X^/fif - X ^ T]ifii - X. Thus, it holds that \\A - Bf - \\Ax - Bxf ^ and 

To show the irreducibihty, we firstly estimate Xt{xo). 
Lemma 2.2. Suppose that b, a and f satisfy (lii)-(H2) and (Hj). Then for any T > 



E 



sup \Xt\' 
te[o,T] 



(5) 



where C depends on xq, Ai and T . 

Proof. Applying Ito's formula to Eq.([T]), we have 

= |xoP+ / 2(X„6(X,))ds+ / 2{Xs,a{XMWs) 
Jo Jo 

+ [ [ [\Xs-. + f{Xs-,u)\^-\Xs^\^]Nk{ds,du)+[ MX,)\\Ms 

Jo Jvo Jo 

+ 11 0^s + /(^3>«)l'-|^sl'-2(X„/(X„M))]z/(dM)ds. 

^0 JVo 

By BDG inequality. Young's inequality and mean theorem, one can obtain that 



(6) 



E 


sup \Xt\^ 


^ ixor+E / 




tg[0,T] 


^0 



^ |xo|' + E / 2|X,||6(X,)|ds + CE(^y |X,n|or(X,)f ds 

+CE / / [|/(^s-,n)p+|/(X,_,M)||X,_|]'iV,(ds,dn) 

Jo JUo 

+E 



a{Xs)rds + E / / \f{Xs,u)\'i^{du)ds 

Jo Jvo 



^ \xo\' + E\ 2 sup \Xt\ / \biX,)\ds 
ie[o,T] Jo y 



HXs)rds 



+CE f sup |Xt|2 / ||or(X,)fds| +e/ / 
Vte[o,Ti Jo I Jo Jvo 



2 

E / / \f{X,,u)\Mdu)ds 



-CE 




jvq 
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2 |/(X,_,M)nx,_|2] iVfc(ds,dM) 

+ CE /" \b{Xs)\^ds + CE [ \\a{Xs)fds 
Jo Jo 



sup W 

te[0,T] 



+CE 



+CE 




|/(X,„,M)|^iVfc(ds,dM) 




+ E / \f{X,,u)Mdu)ds 




i/(x,_,M)nx,_|2Xfc(ds,dM) 

L^o JVq 

For the fifth term in the right hand side, we use Young's inequality and (Hj) to get 

1 

-T 

|/(X,_,M)|^X,.(ds,dM) 



(7) 



CE 




^ CE 



C -E 



UO JVo 

sup (1 + \x,Af f [ |(^ff-''')f, iv,(d.,d^) 

t£[0,T] Jo JVo U + \^s-\) 

2 



sup {i + \Xt-\y 

te[o,T] 



Jo Jvo (1 + l^^-l) 



< -E 

4 



sup |Xs_p 
te[o,T] 



+ ] + CE [ (l + |X,|)Ms. 
To the seventh term in the right hand side, the similar method yields that 



CE 



^ 4^ 




i/(x,„,M)nx,_pXfc(ds,dM) 



sup \Xt- 

t€[0,T] 



+ CE I I |/(X„M)|V(dM)ds. 

Jo Jvo 



Combining (E]), (H2) and (H/), we obtain 



E 



sup |Xi|2 
te[o,T] 



^ 4|xo|' + l + CE / (1+ iX.D^ds 



^ 4|xoP + l + CE / 2(1 + |X,|2)ds 



^ 4|xo|' + (l + 2Cr) + 2C / E 

Jo 









sup Xs ^ 


Jo 


se[o,t] 



dt. 



Gronwall's inequality yields 



E 



sup |X,p 

te[o,T] 



where C depends on xq, Ai and T. 



(9) 



□ 



Secondly, construct some auxiliary processes. For any T > 0, let to £ (0,7"), whose 
value will be determined below. Set for any n G N 

And then by Lemma 12.21 

hm E|Xr„-X,J^ = 0. 

For t G [to, T] and ?/ G M^, define 



T-to T-to' 



* T - to 



Thus, 

^to ~ "''■to 



rn _ vn jn _ 



and Jj"" satisfies the following equation: 

= XI + r 6( j;)ds + r /i^ds, t G [to, T]. 



Next, we introduce the following equation: 

Yt = Xt,+ j h{Ys)ds+ j hJ:ds+ j a{Ys)ms 

J to J to J to 

+ r [ /(F,_,n)iVfc(dsdn), tG [to,T]. 

Lemma 2.3. Suppose that b,a and f satisfy (lii)-(li2) and (Hj). Then 

E\Yr-y\'^[E\X,,,-X-f + C{T-to)Y'''''"~''\ (10) 
Proof. Set Zt := Yf — J", and then Zf satisfies the following equation 

Z, = X,,-Xl+ f {b{Y,)-b{J:))<ls+ f aiXMWs 

Jto Jto 



+ [ [ f{Ys.,u)Nk{dsdu), tG[to,T]. 

Jto Jvo 
By Ito's formula we obtain 



\Zt\' = \Xt,-Xl\''+ f 2{ZsMYs)-h{J:))ds+ f 2{Z,,a{Ys)ms) 

Jto Jto 

+ [ [ [\Zs- + f{Y,^,u)\''-\Zs-\'']Nk{ds,du)+ [ \\a{Ys)fds 

Jto Jvo Jto 

+ [ [ [\Zs + f{Ys,u)\''-\Zs\^-2{ZsJ{Y,,u))]iy{du)ds. 

Jto JVa 



'to JVo 

It follows from (Hi)-(H2) and (H/) that 

"t 



E\Zt\' = E|Xi„-Xfj2 + E / 2{Z,,b{Ys)-b{J:))ds + E [ MY,)fds 

Jto Jto 



+E [ [ [\Zs + fiYs,u)\^-\Z,\^-2{Z,,f{Y,,u))]u{du)ds 

J to Jvo 

^ E\Xt,-Xl\' + E [ |Ao||Z//c(|Z,|)ds + 2AiE / (l + |n|)2ds. (11) 



J to J to 

There exists a. 6 > such that 

x'^n{x) ^ psix'^), X > 0, 

where ps : M+ i— > M+ is a concave function given by 

, . J xlogx~^, X ^ S, 

Psyx) ■- I (logry-i -i^x + T], X > 6. 

Next, estimate E|y^p. For t G [to;^]) by Holder's inequahty, one can get 

^ 5|X,j2 + 5rl / \b{Y,)\Ms + 5T"^ \h:\Ms + 5 / a(n)dH^, 



(12) 



+5 



fiYs.,u)Nkidsdu) . 

'to JVo 

Moreover, by Burkholder's inequahty, (H2) and (Hj), it holds that 

E\Yt\^ ^ 5E\Xtf + 5T-2E [ \b{Ys)\Ms + 5T'^E [ j/i^pds 

Jtn Jto 

, u)\^h'{du)ds 



+5 /V(n)fds + 5 r [ |/(n, 
Jto Jto Jvo 

^ 5E\Xtf + C + C [ E\Ys\^ds. 

Jto 



Gronwall's inequality admits us to obtain that 

sup Eir^i^^c, 

te[to,T] 



(13) 



where C is independent of to- 

Combining f lTT]) - f|T3|) . by Jensen's inequality and the Bihari inequality (cf. [HI Lemma 
2.1]), we have 

E\Yr-y\'^ [E\X,, - X^f + C{T - to)]^""°'^''"' . 



The proof is completed. 



□ 



Proposition 2.4. Suppose that b,(j and f satisfy (Hij-fHsj and (Hj). Then the tran- 
sition probability pt is irreducible. 

Proof. To prove the irreducibility, it suffices to prove that for each T > and Xq G M.'^, 

PT{xo,B{y,a)) = P{Xt{xo) e B{y,a)) = P{\Xt{xo) - y\ < a) > 0, 
or equivalently 

P{\XT{xo)-y\^a) <1, (14) 

for any y G and a > 0. 



First of all, study the process Yf. Define 

Yt:=Xt, te[0,to] 



and then 



Yt = xo+ [ biYs)ds+ [ I{s>to}h:ds+ [ cx{Y,)dW, 
Jo Jo Jo 

+ r ! f{Ys^,u)Nk{dsdu), tG [0,r]. 

Jtn JVa 



Set 



H, := I{t>tMYt)-'hl 
et:=exp|^ {dWs,H,)-^J^ \Hfds 

By (H3), we obtain that is bounded, which yields that E^^^ = 1 by Novikov's criteria. 
And then define 

Wt ■.= Wt+ I HAs, 
Q ■■= irP. 







Thus by fT2], Theorem 132] we know that Q is a probability measure, W^f is a Q -Brownian 
motion and iVfc ((0, t], du) is a Poisson martingale measure under Q with the same com- 
pensator v{du)t. Moreover, Yt is the solution of the following equation 

Yt = Xo+ [ b{Y.,)ds+ [ a{Y.,)dWs+ [ f{Y,_,u)Nk{dsdu). 

Jo Jo Jo JVo 

By the uniqueness in law of Eq.([l]) we attain that the law of {Xt,t G [0,T]} under P 
is the same to that of {Yt,t G [0,T]} under Q. Therefore, to obtain (IT^ . it is sufficient 
to prove Q{\Y'j' — y\ ^ aj < 1, and furthermore, P{\Yt — y\ ^ aj < 1 hj equivalency of 
Q,P. 

It holds by Chebyshev's inequality and Lemma [2.31 that 

P{\YT-y\^a)^ [E\Xt, - X^f + C{T - to)] /a\ 
Choosing n large enough and to close enough to T, we have 

P{\YT-y\^a) < 1. 

The proof is completed. □ 

Next we use the coupling method to prove strong Feller property. Set a{x) := a{x)(j{x). 
And then the infinitesimal generator of Eq. ([T]) is given by 



Lil){x) = h\x)diil){x) + -a''^{x)dijil){x) 



+ {ip{x + f{x, u)) - ipix) - f {x, u)diip{x)) z/(dM) 
9 



for ip e C^(M'^) and x G M!^. Recall that an operator L on M^'^ is called a coupling operator 
of L if L satisfies the marginal condition: 

where ip is regarded as a function in C^(E?'^). For any 6 G (0, 1) and |xo — yo\ < S, we 
define 

/ N x-y \xo-yo\^ , . 

u{x,y):=-. r, us{x,y) = u{x,y), 

\x — y\ 2 

c{x, y) := X2 (/ - 2us{x, y)us{x, y)*) + ax^ {x)ax^ {y)\ 

for x,y G M'^,x 7^ y, where a G (0,1) (its value will be determined below). Thus the 
operator given by 

Lil>ix,y) = h\x)d^^ip{x,y) + h\x)dy^ilj{x,y) 



1 

+2 



'^{x)d^^^^i){x, y) + d^{x)dy^y^i){x, y) 
+d^{x,y)d^^y^ij{x,y) + {c{x,yyy^dy^^^ij{x,y) 



+ / (^{x + f{x,u),y + f{y,u)) - ^{x,y) - f{x,u)d^^tjj{x,y) 

-f{y,u)dyMx,y))Hdu), ^ G C!{R'') 

is a coupling operator of L. 

By the analysis similar to [13, Section 3.1], there exist a stochastic basis {Cl, T , P\ {^t)t^o) 
and a M^'^-valued process Z'^ (M^*^ is one point compactification of M^'^) such that Zq = 
{xo,yQ) and for each ip G C^{R'^'^) 

/the _ _ 
L^(Z:)ds, t^oj (16) 

is an (J^t)-local martingale, where e is the explosion time of the process Z[ = {X[, Yt), i.e. 
e = lim e„, e„ = inf |t > : + \Yt\j > n| . 

Since and Yi are associated with the operator L starting from xq and yo, respectively, 
we have e = 00 by (H2) and (Hj). Consider the coupling time r of Z^, i.e. 

T := inf{t > : |X; - Yt\ = 0}, 

and define 

' K t < r, 



And then for any ip & 



Yt, t ^ T. 



ijjiXt) - ^(xo) ~ I L^lj{Xs)ds = V^(Xm.) - ^(xo) - J L^P{Xs)ds 

+^{Xt)-^{Xt^r)- f mxMs 



tAT 
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Jo 

JtAT 

together with Doob stopping theorem yields that the process Xt is also associated with 
L. Thus the generator of Zt := {Xt, ^t) before r is just L. 

Proposition 2.5. Under (H'l), (ii2), (Us) o-nd (Hj), the semigroup pt of Xt is strong 
Feller. 

Proof. For any ip G Bb{W^), by the definition of Xt 

\Ptv{^o) - pMyo)\ = |E((^(Xi(xo)))-E(</^mM))l 

^ \^ip{Xt{x,))lt<r]-nv{Yt{yo))U<r]\ 

+ \t[ip{Xt{xo))lt^r\ - t[ip{Yt{yo))lt^r\\ 
^ 2||(/.||oP(t < r), 

where E is the expectation with respect to P. 
Next we estimate P{t < r). 
Define 

Ss := inf{t ^ O:\Xt- Yt\ > 6}. 
Setting g{r) := r ^ and ip{x, y) := g{\x — y\), one can obtain by f|T6l) 

/MrAe„A54 H ( Y Y \ 
^ '^ 9"{\Xs-Y,\)ds 

^ ftArAe,.ASs ti (g{X,, Y,)) - F,) + 2F{X,, 

^ 1^^^ ,'(|.Y,-K.|)d. 

[g {\X., + f{X,,u) - f{Ys,u)\J - g [\X, -Y, 

-g' - ni) n), /(X„ u) - f{Y,, u)) ] uidu)ds 

=■■ 9{\xo-yo\) + h + h + h, (17) 

where 

G{x, y) = a{x) + a{y) - c(x, y) - c(x, y)* , 
G{x,y) = {u{x,y),G{x,y)u{x,y)), 
Fix, y) = {x- y, b{x) - b{y)), 

and 

1 2 



(l + r)2' ^ ^ ' (l + r)3' 

Noting that by (Ha) 

G{x, y) = {u{x, y) , (a(x) + a(?/) - 2A2 - (Ta^ (x)(Ta2 {v) - o^Aa (l/)f^A2 (x)) m(x, y) ) 
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and 



+ {u{x, y),4A2 ^^° y)) 
|2;o - 2/o|" 



tr(G(x,?/)) - ^(a;,?/) = tT{a{x) + a{y) - 2X2 - (Tx^{x)ax^{y) - (Tx2{y)(Tx2{x)) 



Thus 



A ^ - ^.(^^^^3 ■ 1^0 - 1/or ■ E(t A r A e„ A Ss). {U 



By (H'^) we have 



tArACnASs 



|Ao| 



/2 ^ E / ^|X, - YM\Xs - n|)ds. (19) 



Next, deal with I3. Mean theorem and (Hj) admit us to get 

9{\x -y + f{x,u) - f{y,u)\) - g{\x -y\) - g'{\x - y\){u{x,y), f{x,u) - f{y,u)) 
= g"{\x -y + 9{f{x, u) - f{y, «)) |) |x - y + 9{f{x, u) - f{y, u))\-' 

■{x-y + e{f{x, u) - f{y, u)), f{x, u) - f{y, u)f 
+g'{\x -y + 9if{x, u) - f{y, m)) |) [\x - y + e{f{x, u) - f{y, u))\-' 

■\f{x,u) - - {x -y + e{f{x,u) - f{y,u))J{x,u) - f{y,u)f 

■\x - y + 9{f{x,u) - f{y,u))\-'^ 

Liuf , 
1 — L[u) 
^ CL{uf\x-yl 

where < < 1. So 

ptATAenASs 

h^E C\Xs-Ys\ds. (20) 



Combining (fT8|) . (fT9l) and (!20!) . one can obtain that 

E\Xt/\TAe„ASs '~ YtATAe„ASs\ 



1 + 6 



^ \xo - yo\ - ^^^^^^^3 ■ \xo - Z/or ■ E(t A r A e„ A Ss) 



|Ao| 



PtArAenASs _ _ _ ptArAenASs 

/ Ep5(|x, - y;|)ds + c / E|x, - t\ds 

Jo Jo 
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I A I ptATAe„ASs 

< \xo-yo\ + C-Y + C) p,(E|X,-y;|)ds 



4A9 

- ^.^^^^^3 ■ 1^0 - Z/ol" ■ E(t A r A e„ A Ss), (21) 

where the second step bases on Jensen's inequahty. By the Bihari inequahty (cf. 
Lemma 2.1]) , we get that for any t > and |xo — yo\ ^ S, 

On one hand, substituting (122|) into ( l2Ti) yields 

E(tArAe.A5,) ^ ^-^l^LplUa:, - y,\^-- + {M + c)t 

■PS ((1 + 6)\xo - y,r^i-(^^^)i^-¥^0)t}^^ . - ^,|- 

Letting n — )■ oo, one can obtain by Levy's theorem 

E{tArASs) ^ ^^^lf^fko-l/or-" + (^ + C^)t 



■PS f(i +5)ixo -yor^p^-(^+^)(^+^)*0 ■ \^o-yor 



Take a = exp{ — (1 + 5)(|Ao| + 2C)t}/3. Thus, there exists a < 6' < 6 such that for any 
\xo - Vol ^ 5' 

E((2t) A r A 5^) ^ a,Ao,5 ■ ko - y,\-^Pi-i^+^)(M+2C)t}/6 _ (23) 
On the other hand, it follows from 



SP(t A r A e„ > 5*5) ^ E \XtATAe„ASs — ^MrAe^AsJ " hATAe„>Ss 

^ E\Xt/-^T-/^enASs ~ ^tArAe„A5il 



^ (I + 6)\xo - yor^- 



(l+<5)(^+C)i} 



Letting n — )■ 00, we have 



P({2t) Ar>Ss)^ ^\xo - yo|-p{-(i+^)(l^ol+2C)t}_ (24) 



Finally, by 022]) and (jM]) it holds that 

P(t <r) = P{t <T,Ss>t) + P{t <T,S5^ t) 

^ P{{2t) At AS5>t) + P{{2t) At > Ss) 

^ ^E((2t) AtASs) + ^-^\x,- ^o|e-P{-(l+5)(|Ao|4-2C)t} 

Thus, the proof is completed. □ 

We now give 

Proof of Theorem 11.31 
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By Ito's formula and mean theorem we get 



EIX 



|xo|'+ / E2{Xs,b{Xs))ds+ [ E\\a{Xs)fds 
Jo Jo 

+ [ [ E[\X, + f{X,,u)\'-\Xf-2{X,,f{X,,u))]u{du)ds 

Jo JVn 



+ 



JVo 



By (lib^(jj), one obtains 



Set 



/ E2(X„6(X,))ds+ / E\\a{X,)fds 
Jo Jo 

E\f{Xs,u)\^iy{du)ds. 



A-it At 



(25) 



MA) 



1 

T 



Pt{xQ,A)dt, 



for any T > and A G 



R'^). And we have by Chebyshev's inequahty 
/XT(5^(0,i?)) = ^j\tixo,B^{0,R))dt 



1 



TR 
1 



ElX.rdt 



Thus, for any e > 0, fiT{B{0, R)) > 1 — e for i? being large enough. Hence, {fiT,T > 0} 
is tight and its limit is an invariant probability measure /x. As we have just proved, pt is 
irreducible and strong Feller, then by Theorem II ■![ /i is equivalent to each pt{x, ■) and as 
t — > 00, pt{x, E) — )■ /i(-E) for any Borel set E. 

If r > 2, to f l25p . taking derivatives with respect to t and using (Hb o-,/) and Holder's 
inequality give 

dE|X,P 

^ \ Li"' I ^ 



dt 



Let fit) solve the following ODE: 



^ — A3E + A4 



^ -A3(E|XJ2)i + A4. 



f'{t) = -\,f{t)i + K 
/(O) = |xop. 

By the comparison theorem on ODE and lU Lemma L2.6, p. 32], we have for some C > 

E|Xi|2 ^ f{t) ^ C [1 + 
where the right side is independent of xq. 
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Since pt is irreducible and strong Feller, we have for any b,a > and t > 

inf Pt (xq, B(0, a)) > 0. 

xoeB{0,b) 

The second conclusion then follows from [3], Theorem 2.5 (b) and Theorem 2.7]. 
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